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Introduction
During the last few decades there has been a sustained effort in fabricating aerospace and reusable flight vehicles from advanced laminated composites. However, due to their wellknown shortcomings of delamination failure, and chemically unstable matrix and lamina adhesives, especially at high temperatures, new structural paradigms, enabling one to overcome these adverse effects, are needed. Advances in functionally graded materials (FGMs) [1] , that combine desirable properties of metals and ceramics, and their applications in aerospace structures, see e.g. [2] [3] [4] [5] [6] are being viewed as an alternative solution for aerospace structures exposed to severe thermomechanical environments. In this report, the transient response of shallow doubly curved shells made of FGMs to time-dependent loads induced by an explosion, a sonic-boom or a shock wave is studied.
Phase distribution and homogenization of material properties
Points of the shell mid-surface are referred to the Gaussian coordinates x α , and the thickness coordinate, positive in the downward direction is denoted by x 3 .
Based on the rule of mixtures, the effective material property at a point is given by
where P(x 3 ) denotes a generic property of the material at a point of the shell, P ceramic and P metal are values of the property for the two phases, ceramic and metal, while V(x 3 , k) represents the volume fraction of the ceramic.
The following two scenarios of grading of the ceramic and the metal through the wall thickness are considered: a) In the case of a high temperature field at both the top the bottom faces of the shell, the phases should vary symmetrically through the wall thickness, in the sense of having 100% ceramic at the outer surfaces of the shell, and tending toward 100% metal at its mid-surface, and b) In the case of a high temperature at the top surface x 3 = -h/2 only, the phases should vary non-symmetrically through the wall thickness. In this case, there is 100% ceramic at the bounding surface x 3 = -h/2 of the shell, and 100% metal at the surface x 3 = h/2. Here h equals the shell thickness.
Whereas in scenario (a) there is no bending-stretching coupling in the constitutive equations, in scenario (b) such a coupling exits.
For scenario (a), the ceramic volume fraction V(x 3 , k) is given by
where the signum function is given by sgn (0) = 0, -1 for x 3 < 0, and +1 for 0 3 > x ; and k, termed the volume fraction index, provides the material variation profile through the wall thickness, ( )
. Thus, at x 3 = ± h/2, V = 1, P( ± h/2)⇒ P c for every value of k, and for
For scenario (b), the composition varies from ceramic to metal, and the variation of V through the wall thickness is represented by
At the midsurface, 
Kinematics and Constitutive Equations
We use the first-order shear deformation theory (FSDT). Accordingly the distribution of 3-D displacements U through the wall thickness is postulated as [3] : 1 1  2  3  0  1  2  3  1 1  2   2  1  2  3  0  1  2  3  2  1  2   3 1  2  0  1  2   ( , , , )  ( , , )  ( , , ) , (6a-c) ( ) ij i j γ ≠ denote engineering shear strains, a comma followed by index j denotes partial derivative with respect to x j , α is the coefficient of thermal expansion, R 1 and R 2 denote the radii of curvature, and ΔT equals the uniform temperature change from that in the unstressed reference configuration.
Using equations relating the 2-D stress-resultants {N} and stress-moments {M} to stresses, and assuming that for a shallow shell, h/R i << 1, one gets the following expressions: 
Governing Equations
We use Hamilton's principle
where t 0 and t 1 are two arbitrary instants of time, ˆ, U W and T denote the strain energy, the work done by surface tractions, edge loads and body forces, and the kinetic energy, respectively, while δ is the variation operator. Equations (5) through (8) yield a system of tenth order partially differential equations, which can be expressed in a compact form as ( ) 
Thermal Blast Loads
A thermal blast load is assumed to be generated by laser heating, and the corresponding temperature rise T is given by For preliminary results presented here, the temperature rise T Δ measured from a reference temperature in the stress-free configuration is considered to be time and space independent.
Consistent with the Navier solution to be adopted in the solution of the initial-boundary-value problem, we represent T Δ as 
Using definitions of N T and M T , and assuming the homogenized material to be isotropic, one gets the following expressions for their amplitudes:
1 , , 
Mechanical Blast Loads
A mechanical blast load can be generated by an explosion or by a shock-wave disturbance produced by an aircraft flying at a supersonic speed, or by a supersonic projectile, rocket or missile operating in its vicinity. In the latter case, the blast pulse is referred to as sonic-boom. Its time-history is described as an N-shape pulse, featuring both a positive and a negative phase. Since panels considered here have small dimensions, it is reasonable to assume that the pressure is uniform over the entire panel, and that the panel is impacted at normal incidence.
The sonic-boom overpressure can be expressed as 0 3 p
(1 / ) for 0 , ( )ˆ 0 for t < 0 and t > rt ,
where P 0 denotes the peak reflected pressure in excess of the ambient one, t p denotes the positive phase duration of the pulse measured from the time of impact of the structure, and r denotes the shock pulse length factor.
For ˆ1 r = , the sonic-boom degenerates into a triangular explosive pulse; for ˆ2 r = , a symmetric sonic-boom pulse is obtained, and ˆ2
r ≠ corresponds to an asymmetric N-pulse. When ˆ1 r = and p t → ∞ in Eq. (14), the N-pulse degenerates into a step pulse. Equation (14) can be written in the following equivalent form
t P H t H t rt t
where H(t) denotes the Heaviside step function.
As a special case of Eq. (15), the rectangular and the step pressure pulses can be obtained. In the former case
while for the latter one
A more realistic expression of the explosive blast pulse as compared to the triangular one is described by the following Friedländer exponential decay equation:
where negative phase of the blast is included. In Eq. (17) a′ denotes a decay parameter which is found from the pressure time history measured in the blast test. 
where c is the wave speed in the medium surrounding the structure, and η is an exponent determining the character of the blast decay. 
where p 3 (t) corresponds to the particular case of blast loading.
A generalized displacement V % is represented as the sum of two parts, a quasi-static and a dynamic. Thus   1  2  1  2  1  2 ( , , ) ( , ) ( , , ).
Displacements S V % are determined from the governing equations with zero inertia and zero transverse loads. Displacements d V % are determined from the governing equations by keeping the inertia and the transverse dynamic load terms, and discarding thermal terms in the boundary conditions.
Numerical Results

Verification of the Algorithm
In order to verify the computer code, we study vibrations of a plate comprised of a FG material having ZrO 2 and Al as constituents; their material properties are listed in Table 1 . We assign very large values to R 1 and R 2 so that the shell like structure can be approximated as a plate. The presently computed frequencies of free vibrations for two values of L 1 /h and three values of the shear correction factor are compared with the analytical results of Vel and Batra [7] in Table 2 . It is clear that the presently computed frequencies for different modes of vibration are close to the analytical values. Henceforth, we set the shear correction factor equal to 2 /12 π . Table 2 . Natural Frequencies of a Thick Functionally Graded Shear Deformable 
Results and Discussion
The panel material is a combination of aluminum and ceramic. Values assigned to different material and geometric parameters used in the computation of results are listed in Table 3 . Zirconia(k=0) k=0.5 k=2 During the computation of results presented below, the temperature is taken to be uniform through the shell thickness and its value is known a priori. Thus the temperature variation only affects the initial deflection of the shell. The mechanical shock load is approximated by a rectangular pulse of amplitude 1.5 MPa and time duration 2 ms. During the time the shock pressure acts on the shell, the centroidal deflection for the FG material with k = 2 is the highest of the three cases considered. However, for t > 2 ms when there is no external pressure acting on the shell, the amplitude of the centroidal deflection for the shell made of the homogeneous material is the largest. In each case, the amplitude of vibrations stays constant in time since there is no dissipative mechanism introduced in the problem. We note that the time period of vibrations and hence the frequency depends upon the variation through the thickness of volume fractions of the two constituents. We have plotted in Fig. 2 time histories of the deflection of the shell centroid for a pressure pulse of constant amplitude of 1.5 MPa and for the FG materials for which results are depicted in Fig. 1 . The amplitude of the centroidal deflection for the alumina shell is the highest, followed by that of the shell made of the FG material with k = 2. Because the pressure applied to the shell is uniform both in space and time, and there is no dissipative mechanism in the problem, it continues to vibrate about the deformed shape under a statically applied pressure of 1.5 MPa. The maximum deflection of the zirconium shell is 2.2 times that of the aluminum shell even though Young's modulus of zirconium is 5.6 times that of aluminum. Thus inertia forces significantly affect the peak deflection of the shell centroid. We note that the frequency of vibration of a zirconium shell is nearly twice that of the corresponding shell made of aluminum.
Effect of Curvature
For ΔT = 1500 o C, and an exponentially decaying pressure pulse of peak amplitude 5 MPa and time duration 5 ms, Figure 3a ,b exhibits time histories of the centroidal deflection for a plate and a shell with constituents distributed symmetrically and asymmetrically about the mid-surface of the shell and the same size plate. We note that the asymmetric distribution of constituents results in slightly lower peak deflection as compared to that for the symmetric distribution of the two phases. For the same through-the-thickness distribution of the two phases, the peak initial deflection of the shell with L 1 /R 1 = L 2 /R 2 = 0.2 is about one-third of that of the plate with L 1 /R 1 = L 2 /R 2 = 0.
Effect of Initial Temperature
In Figure 4a Figure 3b . Except for changing the initial deflection of shell's midsurface, results are both qualitatively and quantitatively the same as is to be expected because of the linear theory employed here.
Conclusions
We have studied transient deformations of a doubly curved shell made of a functionally graded material with zirconium oxide and aluminum as the two constituents, and one of the major surfaces of the shell subjected to a mechanical shock load. Three different representations of the blast load are considered; however, the temperature rise is assumed to be uniform throughout the shell and is known a priori. It is found that volume fractions of the two constituents can be suitably tailored to adjust the amplitude of vibrations. Also, for the same distribution of volume fractions of the two constituents, the amplitude of vibrations of the shell is considerably less than that of the corresponding plate.
